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Abst rac t - - In  this letter, double circulant [68, 34, 13] codes with two different weight distributions 
are presented. In addition, it is shown that codes with one of these distributions can be extended to 
a formally self-dual even [70, 35, 14] code. This is the first example of a formally self-dual even code 
with these parameters. 
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1. INTRODUCTION 
A binary In, k] linear code C is a k-dimensional vector subspace of GF(2)  '~, where GF(2)  is the 
field of two elements. The elements of C are called codewords and the weight of a codeword is 
the number of nonzero coordinates. An [n, k, d] code is an [n, k] code with minimum (nonzero) 
Hamming weight d. Two codes are equivalent if one can be obtained from the other by a 
permutat ion of coordinates. An automorphism of C is a permutation of the coordinates of C 
which preserves C. The set of all automorphisms of C forms a group and the group is called the 
automorphism group Aut(C)  of C. The dual code C z of C is defined as C ± = {x E GF(2)  n [ 
x .  y = 0, for all y E C}. C is self-dual if C = C ±. A code C is formally self-dual if the codes C 
and C ± have identical weight distributions. Self-dual codes are formally self-dual, but there are 
formally self-dual codes which are not self-dual. Formally self-dual codes with all weights even 
are called formally self-dual even. One reason for the interest in formally self-dual even codes is 
that  for some lengths, these codes have a larger minimum weight than the corresponding self-dual 
codes. 
The purpose of this letter is to construct a formally self-dual even [70, 35, 14] code. It was prob- 
able that  such a code existed, but no such code appears explicitly in the literature. In Section 2, 
double circulant [68,34,13] codes with two different weight distributions are constructed. In Sec- 
tion 3, codes with one of these distributions is extended to a formally self-dual even [70, 35, 14] 
code. This is the first example of a formally self-dual even code with these parameters. 
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2. DOUBLE C IRCULANT [68, 34, 13] CODES 
We begin by investigating the generator matrices of double circulant codes. A pure double 
circulant code has a generator matrix of the form [I, R] where I is the identity matrix of 
order n and R is an n by n circulant matrix. A [2n, n] code with generator matrix of the form 
a 1 ... 1] 
J 
1 
I " R I ' 
1 
where R' is an n - 1 by n -  1 circulant matrix and a = ((-1) (n-l) + 1)/2, is called a bordered 
double circulant code. These two families of codes are collectively called double circulant codes 
(cf. [1]). 
Two linear [68, 34, 13] pure double circulant codes have been found with the two weight 
distributions given in Table 1. For W1 and W2, the first rows of R corresponding to the pure 
double circulant codes C6s,1 and C6s,2 are 
(0011010001011101001010111100000000) and ( 10010011110010000010110101110000), 
respectively. 
A fundamental nd challenging problem in coding theory is to find a linear code achieving 
the maximum possible minimum weight dmax. Lower and upper bounds on dmax for binary 
linear codes are given in [2]. It is known that a [68, 34, 13] code can be constructed from a cyclic 
[73, 36, 16] code found by Promhouse and Tavares [3]. Our codes provide alternative constructions 
of [68, 34, 13] codes which attain the known lower bound on dmax. 
3. FORMALLY SELF-DUAL EVEN [70,35,14] CODES 
In this section, it is shown that double circulant [68, 34, 13] codes with certain weight distri- 
butions can be extended to formally self-dual even [70, 35, 14] codes. 
PROPOSITION 1. Let C6s be a pure double circulant [68, 34, 13] code with generator matrix of 
the form [ I, R ] such that the largest weight is at most 56 and the number of 1 's in every row 
of R is even. Let C70 be a code with generator matrix of the form Ii 1 
0 
0 
1 . . . . . . . . .  I R 1 ] .  
Then the extended code C7o is a formally self-dual even [70, 35, 14] code• 
PROOF. It is easy to see that the matrix 
[i ° 0 
generates an even [70, 34, 14] code C~o. Since C~0 does not contain the all-one vector, the 
dimension of C7o is 35 and all the weights of C7o are even. Moreover, since the largest weight 
of C~0 is 56, the minimum weight of C70 is just 14. 
Now consider the form of the generator matrix of C70. The following two matrices 
[ i  1 0  . . . . . . . . .  1] and 1 1  "'" 1] 
: I R I : R ' 
0 1 
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generate  equ iva lent  codes.  Thus  C7o is equ iva lent  to  a bordered  doub le  c i rcu lant  [70, 35, 14] 
code.  S ince a doub le  c i rcu lant  code and  i ts  dua l  code are equ iva lent ,  C7o is a fo rmal ly  se l f -dual  
even  [70, 35, 14] code.  | 
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A pure double circulant [68, 34, 13] code with weight distribution W1 in Table 1 satisfies the 
assumption of Proposit ion 1. Thus a formally self-dual even [70, 35, 14] code can be constructed 
from such a code. This is the first example of a formally self-dual even code with these parameters.  
We now consider the possible weight enumerators of formally self-dual even [70, 35, 14] codes. 
The weight enumerator  of any formally self-dual even code is a combination of Gleason poly- 
nomials 1 ÷ y2 and 1 ÷ 14y 4 ÷ y8 (cfl [4]). Thus one can easily determine the possible weight 
enumerators of a formally self-dual even [70, 35, 14] code are as follows: 
W = 1 ÷ (11730 + ~)y14 + (150535 - 7c~ + ~)y16 
÷ (1345960 ÷ 14c~ - 13~)y 18 ÷ (9393384 ÷ 14~ + 75~)y 2° 
÷ (49991305 - 91c~ - 247/3)y 22 ÷ (204312290 ÷ 77c~ ÷ 484~)y 24 
+ (650311200 + 168(~ - 468/3)y 26 + (1627498400 - 344(~ - 196/3)y 2s 
÷ (3221810284 - 14c~ ÷ 1300fl)y 3° + (5066556495 ÷ 546~ - 1794~)y 32 
÷ (6348487600 - 364~ ÷ 858~)y 34 ÷. . . ,  
where (~ and ~ are undetermined parameters.  
The weight distr ibution of a formally self-dual even [70, 35, 14] code constructed by Proposi- 
tion 1 can be determined. 
COROLLARY 2. Let A2i be the number  of weight 2i codewords in C70 in Proposition 1. Let B~ 
be the number  of weight i codewords in C68 in Proposition 1. Then we have 
A2i = B2i + B2i-1 + B70-2i ÷ B69-2i. 
Thus the weight enumerator  of a formally self-dual even [70, 35, 14] code constructed from C68,1 
in Section 2 is W with ~ -- 442 and/3 -- -51 .  
Conway and Sloane [5] determined the largest possible min imum weights of self-dual codes 
of length up to 72. The largest possible minimum weight of a self-dual code of length 70 is 14 
and the existence of a self-dual [70, 35, 14] code is equivalent o the existence of an extremal 
doubly-even [72, 36, 16] code (cfl [6]). The existence of the latter code is a long-standing open 
question (cf. [1]). It is not known whether a self-dual [70, 35, 14] code exists or not, however, a 
self-dual [70, 35, 12] code does exist (cf. [7]). As well, it was shown in this letter that  a formally 
self-dual even [70, 35, 14] code also exists. 
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